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What Additional Steps Are Required for
Inverse Dynamics?

1 Create free body dlag ram Kinematics: study of motion of a body without
) _ considering forces that cause that motion
[0 Reaction forces & moments

O Distance forces & moments
O

2. Hint: kinematics
]
]
]

3. Hint: kinetics
]
]

Kinetics: study of how external forces
contribute to the motion of a body

Dynamics = kinematics + Kkinetics

mg

FX

Reaction forces at
hip due to muscles

Distance force
Reaction moment at at mass center
hip due to muscles  due to gravity

Fy
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What Additional Steps Are Required for
Inverse Dynamics?

1. Create free body dlag ram Kinematics: study of motion of a body without
considering forces that cause that motion

[0 Reaction forces & moments
[0 Distance forces & moments Kinetics: study of how external forces

contribute to the motion of a body
0 Inertia forces & moments

2. Form motion quantities (kinematics)
O Positions (x, y, 6) mi
O Velocities (%, ¥, 6) Ay

O Accelerations (%, ¥, 6) : 16
3. Apply Newton’s 2nd Law (kinetics)
O Forces (2F, =mx), (EF, =my)
O Moments (M = 14)

Dynamics = kinematics + Kkinetics

FX

Reaction forces at
hip due to muscles

Distance force
Reaction moment at at mass center

hip due to muscles  due to gravity

Fy

ME 231: 3



Plan for Today

Forces

Moments

Accelerations

Multi-Joint d

Velocities. | Angles

. Musculoskeletal _ p a Position
Geometry Dynamics dt dt Data
Force
\_ Data
amy . .,
(- : X, X, X 2F, = mx\
Y, yl y ZFy - my
0,0,0 ST = |é)
WA Gastrocnemius
ta

Quick review of the inverse
dynamics problem

3 steps for inverse
dynamics

— Free body diagram
— Kinematics

— Kinetics

Distribution problem

ME 231: Dynamics



The Inverse Dynamics Problem

Forces l Moments Accelerations Velocities. || Angles

.. Musculoskeletal =~ Multi-Joint — .Position

Geometry Dynamics Data

Force
Data

v Identify question that you will use inverse
dynamics to answer

v' Based on question, determine DOFs to be
measured and modeled

v Measure joint kinematics
v Filter and differentiate kinematics data

ME 231: Dynamics



The Inverse Dynamics Problem

Accelerations Velocities. | Angles

Moments

d d Position
- it T T o

Force
Data

e Derive equations of motion from model of
system

e Solve equations of motion with and without
external forces

e Use musculoskeletal geometry and
assumptions about force distribution to
estimate individual muscle forces

ME 231: Dynamics



A Possible Question

Experimental set-up

What are the sagittal
plane moments about
the ankle, knee, and
hip during a maximum
height jJump?

ME 231: Dynamics



The Experimental Results

EXperiments provide
joint angles, angular
velocities, and ground
reaction forces during
movement

29902

velocity (rad/sec)

displacement
80

(deg)

L a
Joot

I2

90 t
.12
. 412
c.
OF  thigh
20peecenersntncnnrnnnse®”
140 ¢
foeserennennenean Ho
[Py E——— i TUTTE I e
d 14
10F grunk M
80t
| | . ' 4-12
0 20 40 60 % 1o
% of jump
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Model of System

Must include
e segment masses P
« segment lengths

e inertial properties

How do we get these values?

0/ /[ /

f"" \

/ _mi-l1
01. N\

ME 231: Dynamics Zajac & Gordon, 1989



Use Inverse Dynamics to Calculate Net Joint
Moments

240

200

160 -+

1204

Joint Moments (N-m)

40

T T T T T T
0 20 40 a0 80 100

Percent Jump
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3 Steps to Inverse Dynamics

1. Create free body diagram
[0 Reaction forces & moments
[0 Distance forces & moments
0 Inertia forces & moments
2. Form motion quantities (kinematics)
O Positions (x, Y, 8)
O Velocities (%, Y, 6)
O Accelerations (%, , 6
3. Apply Newton’s 2nd Law (Kkinetics)
O Forces (ZF, =mx), (ZFy =my)
O Moments (ZM - Ié)

ME 231: Dynamics



Example Problem

e Planar 3 degrees of freedom

e Position (orientation) in
global coordinate system

e Segment length = |,

e Distance to mass center =r;

e Moments of inertia about
mass center

e Foot has no mass and
remains on ground

ME 231: Dyna



Seament O (foot) is Ground

1. Create free body diagram (statics NOT dynamics)
[0 Reaction forces & moments

ME 231: Dynamics
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Segment O (foot) is Ground

1. Create free body diagram (statics NOT dynamics)
[0 Reaction forces & moments

ME 231: Dynamics
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Seament O (foot) is Ground

1. Create free body diagram (statics NOT dynamics)
[0 Reaction forces & moments

2. Apply Newton’s 15t Law (ma = 0)
O Forces

O Moments

ME 231: Dynamics
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Seament O (foot) is Ground

1. Create free body diagram (statics NOT dynamics)
[0 Reaction forces & moments

2. Apply Newton’s 15t Law (ma = 0)
O Forces >Fx=0 XFy =0
Fx, —Fx =0 Fy,-Fy, =0

O Moments >M = Ilél

Fx,h—Fy I-T,=0 Fy,
(100 Fx | | FX, ]
010|Fy|= Fy,

00 1) T, Fx,h—Fy,l

ME 231: Dynamics
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Example Problem

e Planar 3 degrees of freedom

e Position (orientation) in
global coordinate system

e Segment length = |,

e Distance to mass center =r;

e Moments of inertia about
mass center

e Foot has no mass and
remains on ground

ME 231: Dyna



Seament 1 (shank)

1. Create free body diagram
[0 Reaction forces & moments
[0 Distance forces & moments
O Inertia forces & moments

namics
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Seament 1 (shank)

1. Create free body diagram
[0 Reaction forces & moments
[0 Distance forces & moments
O Inertia forces & moments

ynamics 19



Seament 1 (shank)

2. Form motion quantities (kinematics)
0 Positions
0 Velocities

O Accelerations

ynamics

20



Seament 1 (shank)

2. Form motion quantities (kinematics)
O Positions X, =I,C6,
O Velocities X, =156,
O  Accelerations ¥ =, (5 (915}1 +C 6’1912)

Y1 =13 91 .
Y, = rlcé’lé’%. |
Y1 =h (C 9101 — S‘91‘912)

/snamics

21



Seament 1 (shank)

3. Apply Newton’s 2" Law (kinetics)
[0 Forces

ynamics

22



Seament 1 (shank)

3. Apply Newton’s 2" Law (kinetics)

O Forces
XX =mX, XFy =myYy,
Fxl — sz = mﬁ Fyl — Fyg —mg = mﬁ
Fx, — FX, = —m,r, (s 6,6, + c@lé’f) Fy, —Fy, —-m,g =mr, (c 6,6, —391912)

o_ﬂml Y1

ynamics 23



Seament 1 (shank)

3. Apply Newton’s 2" Law (kinetics)

O Forces
XX =mX, 2XFy =my,

Fxl — sz = mﬁ Fyl — Fyg —mg = mﬁ
Fx, — FX, = —m,r, (s 6,6, + celéf) Fy, —Fy, —-m,g =mr, (c 6,6, —591912)

|:l -10 O:| FX2 _ —m1r1(591é1+C91912)
O O 1-1 ml(rl(celél_sglélz)_i_g)

ME 231: Dynamics 24



Seament 1 (shank)

3. Apply Newton’s 2" Law (kinetics)
0 Moments

ynamics o5



Seament 1 (shank)

3. Apply Newton’s 2" Law (kinetics)
0 Moments

=M = 1,6,
T, - T, + Fxrsé, — Fy,rcd, + Fx, (I, -1, )56, — Fy,(l, -1, )c6, = 1,6,

ynamics 26



Seament 1 (shank)

3. Apply Newton’s 2" Law (kinetics)

O Moments
>M = Iﬁ

T, -T,+ Fxrsé, — Fyrcd, + Fx, (I, -1, )56, — Fy,(, -1, )c6, = |,

i

FX,
O/1-10 0 0 0 'IF:XZ I
®oo0 1 -1 0 0 Fyl =
9 _1 -1 r15‘91 _r1C‘91 (Il_rl)s‘gl (Il_rl)cgl_ Ty2 i
1
u T2 _

—myr, (s 6,6, + 0916’12) ]
m, (r1 (c 6,6, —s6,67 )+ g )

I 19.1

ME 231: Dynamics
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Example Problem

e Planar 3 degrees of freedom

e Position (orientation) in
global coordinate system

e Segment length = |,

e Distance to mass center =r;

e Moments of inertia about
mass center

e Foot has no mass and
remains on ground

ME 231: Dyna



Seament 2 (thigh)

1. Create free body diagram
[0 Reaction forces & moments
[0 Distance forces & moments
O Inertia forces & moments

/namics

29



Segment 2 (thigh)

1. Create free body diagram
[0 Reaction forces & moments
[0 Distance forces & moments
O Inertia forces & moments

T2 |:X2 ynamics

30



Seament 2 (thigh)

2. Form motion quantities (kinematics)
[0 Positions
O Velocities
[0 Accelerations

|, cosé, r,cosé,

T2 FX2 ynamics

31



Seament 2 (thigh)

2. Form motion quantities (kinematics)

O Positions X, =1,cO, +r1,cH, y, =156, + 1,56,
O Velocities X, =—1560,0,-1,56,0, y,=1.C60,+r,6,0,
O Accelerations y — —Il(s 6,6, + c@lé’f) y, = Il(cé’lé?'1 —301912)
T, (562652 + 06?2922) +, (c92é2 —3026?22)

r,Sin G,

|, sin &,

|, cosé, r,cosé,

T2 FX2 ynamics 32



Seament 2 (thigh)

3. Apply Newton’s 2" Law (kinetics)
[0 Forces

ynamics

33



Seament 2 (thigh)

3. Apply Newton’s 2" Law (kinetics)

OO Forces
2FX=m,X, SFy=m,y,
FXz — FX3 — m25<‘2 FYz — Fys —m,g =m, Y,
Fx, — Fx, =—m, I1(5‘9101 * ?91‘912) . (FY2 - FYQJ —m, I1(06’1‘91 _.5_‘91912) g
+1,(s0,8, +¢6,0?) ~m,g +1,(c0,6,-56,07)

ynamics 34



Seament 2 (thigh)

3. Apply Newton’s 2" Law (kinetics)

0 Forces
SFX =m,X, XFy=m,Y,
FXz — FX3 — m25<‘2 FYz — Fys —m,g =m, Y,
. = . =
o e o (W66 +cod?) Ry, =Fy,)_ - (L(cod-s662)
2T (56,0, +¢0,02) ~m,g 2\ +1,(c0,6,-56,0?)
.
- A X | . " -
®1-10 o0 0 00 0] —mlrl(s.t?191+c.6’1t91)
®oo 1 -1 0 0 00 Fyl m, (r,(c6,6, -s6,67)+g)
©|1-1r36 —rco, (I,-r,)%6, (I,—r)co, 0 0 T2 = 1,6,
®o1 0 o0 0 0 -10] ¢ —m,(1,(56,6, +c6,62 )+ 1,(s60,6, +c6,62))
®oo0 0 1 0 0 0-1 7’ m,(1,(c0,6, 56,62 )+r1,(c0,6, 56,62 )+ g)
3
| FYs |

ME 231: Dynamics 35



Seament 2 (thigh)

3. Apply Newton’s 2" Law (kinetics)
0 Moments

T2 |:X2 ynamics

36



Seament 2 (thigh)

3. Apply Newton’s 2" Law (kinetics)
0 Moments

>M = 1,6,
T, - T, + FX,r,80, — Fy,r,c6, + Fx,(l, -1, )86, — Fy,(l, —1,)c8, = 1,6,

T2 FX2 ynamics 37



Seament 2 (thigh)

3. Apply Newton’s 2" Law (kinetics)

O Moments
M =1.,6,

T, - T, + FX,r,80, — Fy,r,c6, + Fx,(l, -1, )86, — Fy,(l, —1,)c8, = 1,6,

Fx,

- - FX,
1 -1 0 0 0 0 0 0 0

Fy,

00 1 -1 0 0 0 0 0 -

1 -1 rsé, —rch, (I,-r)k6, (,—r)o, 0 0 0 TYz

01 0 0 0 0 -1 0 0 Tl

0 0 O 1 0 0 0 -1 0 F;

0rsd, 0 -rcd, O 1 (I,-r,6, =(I,-r,)6, -1 Fy3

3

_T3

—m, (s 0,6, + c@léf)
m(r,(c6d, -s667 )+ g)
I].Hl
-m, (Il(s 60,6, +c6,0? )+ r, (s 0,6, +c6,0? ))
mz(ll(c 6,6, —s6,6; )+ r, (c 0,6, —s0,6? )+ g)
I202

ME 231: Dynamics
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Example Problem

e Planar 3 degrees of freedom

e Position (orientation) in
global coordinate system

e Segment length = |,

e Distance to mass center =r;

e Moments of inertia about
mass center

e Foot has no mass and
remains on ground

ME 231: Dyna



Seagament 3 (head, arms, & trunk)

1. Create free body diagram
[0 Reaction forces & moments
[0 Distance forces & moments
O Inertia forces & moments

ynamics

40



Seament 3 (head, arms, & trunk)

1. Create free body diagram
[0 Reaction forces & moments
[0 Distance forces & moments
O Inertia forces & moments

dynamics
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Seagament 3 (head, arms, & trunk)

2. Form motion quantities (kinematics)
[0 Positions
O Velocities

O Accelerations

|,cosé, 1,cosé, r,cos6,

)ynamics 42



Seament 3 (head, arms, & trunk)

2. Form motion quantities (kinematics)

O Positions X, =1cO +1,cl,+rch, y,=156,+1,56,+r;s6,
O Velocities %, =—1,56,6, —1,56,6, y, =1,c0,0,+1,c6,6,
OO0 Accelerations — IS 939'3 +1,C 9393
%, =—1,(s6,6, +c6,62) §,=1(c6,-56,6?)
PUNE —1,(s6,0, + 0926’22) +1,(c6,6, —sé’zéf)

—1,(s0,6, + c93932) +1,(c6,0, —5673932)

ynamics 43



Seament 3 (head, arms, & trunk)

3. Apply Newton’s 2" Law (kinetics)
[0 Forces

)ynamics

44



Seagament 3 (head, arms, & trunk)

3. Apply Newton’s 2" Law (kinetics)

O Forces
2FX=m.X, 2Fy =m,y,
FX; = m;X, e Fy, — m,g =ms Vs 6
Il(s 6,0, + 001912) Il(c 6,0, —591912)
Fx,=-m,| +I, 36?2{9:2 +cezé§) Fy,-m,g=m,| +I, 06?26?2 —sezéj)
+1,(s0,0, +c0,6?) +1,(c0,0, —50,02)

ynamics 45



00000000

O O O O O+ O+

Seagament 3 (head, arms, & trunk)

3. Apply Newton’s 2" Law (kinetics)

0 Forces
2FX =m.X, 2Fy =m,y,
FX3 = M3 X, 0 Fy, — m.g =M.y,
” - ” -
,(s6,6, +c0,6?) ,(co.6,-s0,6?)
. i . i
. e . e
IR ] - . :
1 0 0 0 0 0 0 07 ¢, —myr (56,6, +c0,6?)
0 1 -1 0 0 0 0 o m, (5 (c0.6, -s6,67)+ g)
-1 rs6, -rch, (,-r)s6, (I,-r,)c8, 0 0 0 Fyl 1,6,
1 0 0 0 0 1 0 0 Ty2 —m, (1, (6,6, +c0,62 )+, (56,6, + c6,6?))
0o 0 1 0 0 0 A m, (1,(c0d, —s6,6?)+r,(c0,6, -s6,62 )+ g)
rsd, 0 -rchd, O 1 (,b-r,86, =(I,-r,)x06, -1 F; 1,6,
0 0 0 0 0 1 0 0 *| | —my(l,(s08, +c0.82)+1,(560,8, +c6,6? )+ r,(s0,6,+c0,6?)
Fy, .. . .. . . .
0 0 0 0 0 0 1 0] (1, (0.6, -56,67)+1,(c0,6, —36,62 )+ 1,(c0,8,—56,6? )+ g )
3

ME 231: Dynamics
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Seament 3 (head, arms, & trunk)

3. Apply Newton’s 2" Law (kinetics)
O Moments

dynamics

47



Seament 3 (head, arms, & trunk)

3. Apply Newton’s 2" Law (kinetics)
O Moments

M = 1,6,
T, + Fx,1,s6, — Fy,r.co, = 1.6,

dynamics

48



000000000

O O O OO O Fr O K

Seagament 3 (head, arms, & trunk)

3. Apply Newton’s 2" Law (kinetics)

-1 0
0 1
-1 rsé,
1 0
0 O
rsg, O
0 O
0 O
0 O

O Moments
>M = I36?3

T, + Fx,1,s6, — Fy,r.co, = 1.6,

0 0
-1 0
_r

-1, (I,—r)6, (I,-

0
0
0
0
0
0

r,so,

o O O o

1

—r,co,

O O O O O

, -1
0
0
1

-mpr, (s 0,0, + celéf)
m, (r1 (c 0,0, —s6,67 )+ g )
Ilgl
m, (Il(s 0,0, +c6,0? )+ r, (s 0,0, +c0,0? ))
mz(ll(c@léf1 —591912)+ r, (c@zéz —50,6? )+ g)
I202
m, (Il(sé)lé1 + c91912)+ Iz(s 0,6, + 0492922)+ r, (36?3653 +C0,0? ))
m3(ll(c01651 —seléf)+ Iz(célzé2 —5929§)+ rs(ceaé3 —503932)+ g)
I393

ME 231: Dynamics
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Normal Gait: Joint Kinematics & Kinetics

Hip Ab/Adduction Hip Flezion Enee Flexon Anlde Flezxion
o | i | o | e |
M Fly Fl Dar
1]
e G = - --
- = et = E
a T EEE R e L
r ol W e ]
: = I-,_'._\_):II"'
T -
Mnd Ewl Eal Pl
=30 T T T -13 T . T -15 T T T " -1 T T T
Hip Abduction Moment Hip Extension Moment Enee Extension Moment Anlde Plantarflesnon Iioment
1 2 2 1
o ok N | N | o] ] |
N Mnd 2
1 1 ¥
m | ==k
i 0 = 5 - AL 5 i s
k, i L I-.. -'\. H_F.-;'JJ: l.-"\-.\_ ,_-'-' __."' .,
! ] = i 0 - L - pi
7 g s P ST s e
F, W Fh, -
A Dar
-1 T 1 T T -1 T T T -1 T T
1] & 1] T3 Ll .
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2 2 4
I I I I I I
Ean 2N e
1 =1 "'.I. 1 2 'Il.

.. T r = 1
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The Inverse Dynamics Problem

Moments Accelerations Velocities. | Angles

d d Position
- it T T o

Force
Data

v Derive equations of motion from model of
system

v Solve equations of motion with and without
external forces

e Use musculoskeletal geometry and
assumptions about force distribution to
estimate individual muscle forces

ME 231: Dynamics 51



Net Joint Moments from Muscle Forces

Net joint moments are produced by multiple muscles
(previously assumed to be ideal torque actuators)

What factors will affect
how much a muscle
contributes to the net
moment?

Major extensors

Major flexors

\\9 Gastrochemius

Tibialis

Net ankle
moment

ME 231: Dynamics
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The “Distribution” Problem

M j = Z muscle moments + Z moments due to other structures

number AL number of
of flexors 7 N extensors

g/ 1 equation with
25) (ne) n;+n, unknowns
Mj ) f_1F

moment arm
\ ) \ )
¥ ¥

flexion extension
moment moment

Major extensors

Major flexors

\\9 Gastrochemius

Tibialis
Ankle example anterior
Extensor
M a -~ (Ftarta + |:ed r.ed )_ (Fg rg + |:s IFs + |:tp r.tp) digitorum

Can we reduce the number of unknowns?

Can we increase the number of equations?

ME 231: Dynamics
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Static Optimization

e Select a criterion to minimize or maximize subject to a
set of constraints

e Criterion and constraints are
a function of muscle forces

e Criterion attempts to capture the
goal of the neural control system
— Minimize muscle force?
— Minimize muscle stress? Maijor flexors

Major extensors

\\9 Gastrochemius
Tibialis

ME 231: Dynamics 54



Static Optimization Example

minimize f(F) Function of muscle forces

subject to M, (t) - [Fa (t)r (t)+ Fug (t)reg ()] [F, (0)r, (0) + F. (O, (0)+ B (), ()
F.(t)< 900N
F.,(t)<800N
F, (t)<1500N |
Fs (t)S 2500N Major flexors Majorextensors
Ftp(t)§1500N . AN Gastrocnemius

anterior

Net ankle
moment

ME 231: Dynamics
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Static Optimization Example

minimize Y F,

subject to

m=1

M. () [Fa (t)ra (6)+ R (),

Total muscle force

)= F, )r, (0)+ F. (0, (0) + Fy (U, ()

Major extensors

Net ankle
moment

ME 231: Dynamics
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Static Optimization Example

minimize Z
/PCSA.

subject to M, (t)-[Ra(t)r (t)+ Fuq (1)

F.(t)< 900N
F.,(t)<800N
F, (t)<1500N
F.(t)< 2500N
F,(t)<1500N

Total muscle stress

)= F, )r, (0)+ F. (0, (0) + Fy (U, ()

Major extensors

Major flexors

\\9 Gastrochemius

Net ankle
moment

ME 231: Dynamics
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Static Optimization Example

3 .

minimize Z j Total (muscle stress)3 — metabolic

- energy
subject to a(t) [Ft() 1)+ Py (g O [F, ©)r, (6)+ F (), (6)+ By (Or, (1)

F.(t)< 900N

F.,(t)<800N

F, (t)<1500N |

Fs (t)S 2500N Major flexors Malorextensors

F (t)<1500N AN Gastrocnemius

AT Tibialis

anterior

Net ankle
moment

ME 231: Dynamics
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Consider These Functions

> F, Total muscle force Difficult to define and
e validate a good criterion
——  Total muscle stress
Z; PCSA_
3 -
> _Fn__| Total (muscle stress)? ~ metabong
i\ PCSA. energy

Major extensors

Major flexors

\\9 Gastrochemius

: o Tibialis
Possible validations anterior
e Use output to drive a forward dynamic Extensor
simulation digitorum'¥
e Compare qualitatively to experimental EMG ‘\ posterior
= Compare to measured forces (instrumented Net ankle
hip implant, buckle transducer in tendon) moment

ME 231: Dynamics 59



Dvnamic Optimization

e Instead of optimizing over an instant can optimize a
criterion for a motion

— maximize height reached during a jump
— minimize metabolic energy during gait

— minimize difference between simulated
and desired motion

Major extensors

e Can take dynamic Maijor flexors |
properties into account AN Gastrocnemius
— force-length-velocity Tibialis
properties of muscle a;)t(zgor
— activation dynamics digitorum ¥

of muscle

ME 231: Dynamics 60



Main Points of the Day

Forces Moments

g Musculoskeletal —
Geometry

Accelerations

Multi-Joint
Dynamics

Velocities. | Angles

A\ Gastrocnemius

\.
ta

J

Inverse dynamics problem
Is useful to solve

3 steps are required for
Inverse dynamics

— Create free body diagram
— Solve for kinematics
— Solve for kinetics

Muscle force distribution is
a problem

— More muscles than DOFs

— Optimization is useful to
find a solution

ME 231: Dynamics

61



For Next Time...

e Continue Homework #9 due on
Wednesday (10/26)

e Read Chapter 3, Articles 3/8 & 3/9

ME 231: Dynamics
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